Abstract. In this paper we introduce the notion of generalized and strong generalized partial metric spaces. We show that the generalized partial metric topology is T 0 , while the strong generalized partial metric topology is T 1 . We then move on to deal with fixed point theorems in these generalized contexts. We generalize the well-known partial metric fixed point theorem in two ways. First, we weaken the restriction of contractive maps to something called r-self-contractive maps. Hence, a version of the partial metric fixed point theorem now holds for a wider class of functions and spaces. Second, we also allow for fixed points with nonzero self distances. We then apply our main theorems to give alternative proofs of some of the other known fixed point theorems in the context of strong partial metric spaces. We also prove a fixed point theorem for orbital φ rcontraction maps in the context of generalized partial metric spaces.
Introduction
Metric space and several of its variants have been studied by researchers for ages. Their importance in mathematics and other areas cannot be overemphasized. In this paper, we propose and study a special generalization of metric spaces which enhances our understanding of metric spaces further. So, let us start by recalling the definition of a metric space and some of its other generalizations that people have studied over the years. The second-named author is partially supported by a PIMS Postdoctoral Fellowship. Our first goal is to generalize metrics so as to incorporate nonzero self distances. In other words, we are interested in d-metrics. For motivation on why nonzero self distances are useful, see Section 2 and also [1, 7] . Since a d-metric space lacks a conventional topology, further restrictions need to be imposed. One such restriction is the notion of a partial metric space introduced by Steve Matthews [6, 7] . Definition 1.2. A pair (X, p) is called a partial metric space if X is a nonempty set and p : X × X → R is a function (called the partial metric) that satisfies the following: for all x, y, z ∈ X (nneg)
p(x, y) ≥ 0, (sep) p(x, x) = p(x, y) = p(y, y) ⇐⇒ x = y, (ssd) p(x, x) ≤ p(x, y), (sym)
p(x, y) = p(y, x), (ptri)
p(x, y) ≤ p(x, z) + p(z, y) − p(z, z). If condition (sym) is dropped, (X, p) is called a partial quasi-metric space.
The introduction of partial metrics by Steve Matthews has been phenomenal. They have found great application in various areas and have lead to numerous further research by many researchers. In this paper, we improve on the partial metric spaces (and consequently, metric spaces) in two different ways. First, we generalize them to a whole new level by allowing not only nonzero self-distances, but also "negative distances". And second, we introduce the notion of "strong" (and also, "centered") partial metric spaces, the usefulness of which will be clear soon. We now make the definitions precise. Definition 1.3. A pair (X, p) is called a generalized partial metric space if X is a nonempty set and p : X × X → R is a function (called the generalized partial metric) that satisfies the following: for all x, y, z ∈ X (sep)
If conditions (sep) and (ssd) are replaced by the strictly small self-distance condition (sssd) p(x, x) < p(x, y) for all x, y ∈ X with x = y, we say (X, p) is a strong generalized partial metric space. Analogously, if conditions (sep) and (ssd) are replaced by the centered distance condition (cdist) p(x, x) < p(y, z) for all x, y, z ∈ X with y = z, we say (X, p) is a centered generalized partial metric space. (X, p) is said to be bounded below by r 0 , for some r 0 ∈ R, if (X, p) satisfies the lower bound condition (lbd) p(x, y) ≥ r 0 for all x, y ∈ X. Finally, we define a strong (respectively, centered) partial metric space as a strong (respectively, centered) generalized partial metric space bounded below by 0.
It is clear from the definitions above that a partial metric space (according to Matthews) is simply a generalized partial metric space bounded below by 0; and a strong (respectively, centered) partial metric space is simply a partial metric space with the conditions (sep) and (ssd) replaced by the condition (sssd) (respectively, (cdist)). Even though we don't mention the "separation" condition (sep) explicitly, it follows from (sssd) : if x = y, then p(x, x) < p(x, y); therefore, p(x, x) = p(x, y) =⇒ x = y. But the converse is not true. So, strong generalized partial metric spaces form a proper subclass of the class of generalized partial metric spaces. Since condition (cdist) implies condition (sssd), it follows that centered generalized partial metric spaces form a subclass of the class of strong generalized partial metric spaces. It is also easy to see that centered partial metric spaces generalize metric spaces. A metric space is, therefore, a centered (and consequently, strong) partial metric space with all self distances zero. We subsequently show that strong generalized partial metric spaces have a T 1 -topology, and even admit a better version of Fixed Point Theorem than that of generalized partial metric spaces.
One of our main goals in this paper is to talk about fixed point theorems. As is wellknown from the literature, one then requires some restriction on the function and/or on the underlying space. To that end, we generalize the definitions given by Matthews [6, 7] .
An element x ∈ X is called a limit of the sequence (
A generalized partial metric space (X, p) is called complete if every Cauchy sequence (x n ) n∈ω in (X, p) converges to a limit a ∈ X such that lim m,n→∞ p(x m , x n ) = lim n→∞ p(a, x n ) = p(a, a).
We call such a limit of a Cauchy sequence a special limit.
Although a limit of a sequence is not unique in general in a generalized partial metric space, we will show later on that a special limit of a Cauchy sequence is in fact unique, cf. Lemma 4.5. We also need some restriction on the function and the following definition is one such. A remark about the notation: we write f x for f (x).
For a partial metric space (X, p), we say f is contractive if for some 0 ≤ c < 1, we have
Matthews proved the following contraction mapping theorem for partial metric spaces. In this paper, we generalize this theorem in two ways. First, we weaken the restriction on the function (and the underlying space) so that the existence of a fixed point holds for a wider class of functions and spaces, albeit we lose uniqueness. Second, we allow the restriction on the function general enough to admit fixed points with nonzero self distances. To state our theorems precisely, we need few more definitions. The following definition of "r-self-contractive maps" has an analogue in ultrametric spaces [8] .
Definition 1.7. Take a generalized partial metric space (X, p), an element x 0 ∈ X, a real number r ∈ R, and a map f : X → X. We say f is orbitally r-contractive at x 0 if there exists a real number c with −1 < c < 1 such that the following two conditions hold:
We say f is r-self-contractive at x 0 if f is non-expansive on the whole universe and orbitally r-contractive at x 0 . And we say f is orbitally r-contractive (respectively, r-self-contractive) if f is orbitally r-contractive (respectively, r-self-contractive) at x, for every x ∈ X.
It is easy to see that, in the context of partial metric spaces, a contractive map is 0-self-contractive, but not conversely. Thus, r-self-contractive maps form a strictly wider class. We also weaken the restriction on the underlying space. The following definition is a weakening of completeness that is enough for our fixed point theorems to go through. Definition 1.8. Given a generalized partial metric space (X, p) and a map f : X → X, the space (X, p) is called orbitally complete for f if every Cauchy sequence in (X, p) of the form (f n x 0 ) n∈ω , for x 0 ∈ X, has a special limit a ∈ X.
We then obtain the following result.
Theorem 1.9. Let (X, p) be a generalized partial metric space and r ∈ R. Assume either (1) (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or, (2) (X, p) is a strong generalized partial metric space and r ∈ R. Assume further that f : X → X is a map such that f is r-self-contractive and (X, p) is orbitally complete for f . Then there exists a ∈ X such that f a = a and p(a, a) = r.
In either case, if (X, p) is bounded below by 0 and f is contractive on the whole universe, then the fixed point is unique.
The paper is organized as follows. In Section 2, we give motivation for studying nonzero self distances as well as condition (sssd). In Section 3, we describe the natural topology on a generalized partial metric space, and show that it is T 0 in general and T 1 for a strong generalized partial metric space. Section 4 gives an useful definition and some useful lemmas in the context of (strong) generalized partial metric spaces. In Section 5, we state and prove our main results, which serve as the central tools in proving our generalized fixed point theorems. In Section 6, we state and prove three major generalizations of the partial metric fixed point theorem, and consequently prove Theorem 1.9. In Section 7, we apply our main results to give shorter and cleaner proofs of some other known fixed point theorems from [5] in the context of strong partial metric spaces. Finally, in Section 8, we state and prove a fixed point theorem for an "orbital φ r -contraction" map, which is a generalization of a weak φ-contraction map in the sense of [4] .
Motivation
DNA, proteins, words are all examples of finite sequences generated from a finite alphabet. Given two finite sequences x = x 1 , x 2 , . . . , x n and y = y 1 , y 2 , . . . , y m , we ask ourselves how similar these two sequences are [3] .
In the case of DNA, for example, and while studying mutation from x to y, it becomes important to come up with a measure that can effectively compare partial DNA strands.
Consider x = CGAT C and y = CAGA. These two sequences can be aligned as follows. While mutating, the following can happen to the i th term in x:
A Deletion: a term can be dropped from the original sequence. Example: notice here that x 2 (G) and x 5 (C) have been dropped from x to obtain y. When aligning, we introduce a gap "-" in y to signal deletion. b) An Insertion: a term can be added to x to form y.
Example: notice that y 4 (A) is added to x to obtain y. When aligning, we introduce a gap "-" in x to signal an insertion. c) A Match: in this case, the i th term remains unchanged, x i = y i . Example: x 1 = y 1 (C) and x 3 = y 2 (A). d) A Mismatch: in this case, the i th term is substituted by another term in the alphabet,
Example:
To be able to quantify this mutation, we need a scoring scheme. Different scoring schemes exist, and we restrict our attention to a simple one. Since a Match is desirable, a Mismatch is not desirable, and an InDel (Insertion or Deletion) even less desirable, we score as follows: +1 for each Match, −1 for each Mismatch, and −2 for each InDel denoted as "-". The total score is then obtained by adding the scores of each of these terms. Thus, for the above example, we get
The above alignment gives us a total score of +1 − 2 + 1 − 2 − 1 − 2 = −6. For the same two sequences different alignments are possible with possibly different scores. We call S(x, y) the best possible score given the chosen scheme. For the given x and y, it can be shown that the best possible score is S(x, y) = −2, arising from the following alignment:
Notice that, for any given x and y with x = y, we have S(x, x) > S(x, y), since any InDel or Mismatch with x will irreparably reduce the final score from the highest possible value of S(x, x). It is also clear that S(x, x) > 0 for all x = ∅. Setting p S (x, y) := −S(x, y), it can then be shown that p S (x, y) satisfies the axioms of a strong generalized partial metric including p S (x, x) < p S (x, y) for x = y. Also, p S (x, y) can be negative for certain values of x and y, since, in particular, p S (x, x) < 0 for all x = ∅.
Topology
Our next goal is to define a suitable topology on a generalized partial metric space (X, p). A natural candidate for an open ball with center x ∈ X and radius ǫ ∈ R is
It is easy to see that these balls are nonempty for ǫ ≥ 0, and empty for ǫ < 0. By similar calculations as shown in [7] , it follows that these balls form a basis for a topology τ p on X. But as the authors of [1] explain, two different quasi-metrics q 1 and q 2 can be defined from p, namely,
, and accordingly one gets two different topologies τ p and τ * p on X. With these topologies (X, τ p , τ * p ) becomes a bitopological space. Since these two quasi-metrics are dual of each other, i.e. q 2 = q * 1 , the symmetrization d p is in fact their sum
and we get a metric space (X, d p ). It is easy to check that for all x, y ∈ X
Also, the metric d p generates a usual metric topology τ dp on X, which is the join of the topologies τ p and τ * p , i.e., τ dp is the smallest topology containing both τ p and τ * p . It is noteworthy that in Definition 1.4, the definition of a limit corresponds to the topological definition of a limit with respect to the topology τ p , whereas the definition of completeness (and of special limits of Cauchy sequences) is with respect to the metric topology τ dp , i.e., (X, p) is complete if and only if it is complete with respect to τ dp .
It follows from [7, Theorem 3.3] that the topology τ p (and similarly, τ * p ) for a generalized partial metric space is T 0 . We now show the following improvement for a strong generalized partial metric space. Proof. Let x, y ∈ X, with x = y. By condition (sssd), we have p(x, x) < p(x, y). Consider the ball
Since p(x, x) < p(x, y), we have x ∈ B p(x,y)−p(x,x) (x). But clearly y ∈ B p(x,y)−p(x,x) (x). Now, consider the ball B p(y,x)−p(y,y) (y). Then, y ∈ B p(y,x)−p(y,y) (y), but x ∈ B p(y,x)−p(y,y) (y). Hence, the topology τ p is T 1 .
Some Lemmas
In this section, we prove some important lemmas and corollaries that are going to be useful in developing our general theory of fixed point theorems for generalized partial metric spaces. We start by defining one important concept that is going to be very useful in this context. Definition 4.1. Given a generalized partial metric space (X, p), a map f : X → X, and an element x 0 ∈ X, we say f is orbitally continuous at x 0 if, for every z ∈ X, z is a limit of (f n x 0 ) n∈ω =⇒ f z is a limit of (f n x 0 ) n∈ω i.e., lim
If z 0 is a limit of the sequence (f n x 0 ) n∈ω , we say f is orbitally continuous at x 0 for the limit z 0 , if f z 0 is also a limit of (f n x 0 ) n∈ω , i.e.,
We say f is orbitally continuous if it is orbitally continuous at x, for every x ∈ X.
In the rest of the section, we develop a general theory about this property and how it relates to some of the other properties we have already talked about. We start by proving the following lemma.
Lemma 4.2. For each generalized partial metric space (X, p), and each Cauchy sequence (x n ) n∈ω in (X, p) with a special limit a ∈ X, the following holds: for every y ∈ X, lim n→∞ p(x n , y) = p(a, y).
Proof. Since the sequence (x n ) n∈ω is Cauchy, and a is a special limit of (x n ) n∈ω , we have by Definition 1.4, lim
Fix y ∈ X. Then, for any n ∈ N, we have
By taking the limit as n → ∞, we get
Similarly, for any n ∈ N, we have
By taking the limit as n → ∞ again, we get
Thus, lim n→∞ p(x n , y) = p(a, y).
As an immediate corollary, we get the following.
Lemma 4.3.
For each generalized partial metric space (X, p), map f : X → X, and element x 0 ∈ X such that its orbit (f n x 0 ) n∈ω under f is a Cauchy sequence in (X, p) with a special limit a ∈ X, the following holds: , f a) .
Moreover, under the same hypothesis,
f is orbitally continuous at x 0 for the limit a ⇐⇒ p(f a, f a) = p(a, f a).
Proof. Setting x n := f n x 0 (n ∈ ω) and y := f a in Lemma 4.2, we get our first statement. Now, under the same hypothesis, f is orbitally continuous at x 0 for the limit a ⇐⇒ lim
The last line of the above if-and-only-if sequence follows from the first statement.
We also get the following corollary.
Corollary 4.4. Let (X, p) be a generalized partial metric space, f : X → X be a nonexpansive map, and x 0 ∈ X be an element such that its orbit (f n x 0 ) n∈ω under f is a Cauchy sequence in (X, p) with a special limit a ∈ X. Assume, in addition, that either
• (X, p) is bounded below by r 0 , for some r 0 ∈ R, and p(a, a) = r 0 ; or • (X, p) is a strong generalized partial metric space.
Then, f is orbitally continuous at x 0 for the limit a. Moreover, in the former case, we also have p(f a, f a) = r 0 .
Proof. By Lemma 4.3, we have lim n→∞ p(f n x 0 , f a) = p(a, f a). On the other hand, since f is non-expansive, we have for every n ∈ N,
If (X, p) is bounded below by r 0 (for some r 0 ∈ R) and p(a, a) = r 0 , it follows that p(a, f a) = r 0 , and then by condition (ssd),
Hence, lim n→∞ p(f n x 0 , f a) = p(f a, f a), and thus f is orbitally continuous at x 0 for the limit a. Moreover, p(f a, f a) = r 0 .
Similarly, if (X, p) is a strong generalized partial metric space, then it follows from condition (sssd) and p(a, f a) ≤ p(a, a) that a = f a. In particular, p(f a, f a) = p(a, f a). Therefore, as in the former case, f is again orbitally continuous at x 0 for the limit a.
And finally, we also get the uniqueness of special limits as a corollary. Lemma 4.5. For each generalized partial metric space (X, p), and each Cauchy sequence (x n ) n∈ω in (X, p), there is at most one special limit of (x n ) n∈ω in X.
Proof. Let a and b be two special limits of (x n ) n∈ω in X. Then, by Definition 1. Combining all of these, we get p(a, a) = p(a, b) = p(b, b), which implies a = b by condition (sep) of generalized partial metric spaces.
Main Theorems
In this section, we state and prove our three main theorems, which serve as the basis for the proofs of various fixed point theorems in the context of generalized partial metric spaces. Many of the known fixed point theorems for partial metric spaces have a similar pattern and the following theorems extract the essence of that pattern.
Theorem 5.1. Let (X, p) be a generalized partial metric space, f : X → X be a nonexpansive map, and x 0 ∈ X be an element such that its orbit (f n x 0 ) n∈ω under f is a Cauchy sequence in (X, p) with a special limit a ∈ X, and that f is orbitally continuous at x 0 for the limit a. Then a is a fixed point of f .
Proof. Since f is orbitally continuous at x 0 for the limit a, it follows by Lemma 4.3 that
Since f is non-expansive, by similar arguments as in the proof of Corollary 4.4, we get p(a, f a) ≤ p(a, a).
Combining these together with condition (ssd), we have
Hence, by condition (sep), it follows that f a = a, i.e., a is a fixed point of f . Now we state and prove our second main theorem.
Theorem 5.2. Let (X, p) be a generalized partial metric space, f : X → X be a map, and x 0 ∈ X be an element such that its orbit (f n x 0 ) n∈ω under f is a Cauchy sequence in (X, p) with a special limit a ∈ X, and that f is orbitally continuous at x 0 for the limit a. Also, assume that either (X, p) is bounded below by r 0 (for some r 0 ∈ R) with p(f a, f a) = r 0 , or (X, p) is a strong generalized partial metric space. Then a is a fixed point of f .
Proof. Since f is orbitally continuous at x 0 for the limit a, it follows by Lemma 4.3 that p(a, f a) = p(f a, f a).
If (X, p) is bounded below by r 0 (for some r 0 ∈ R) with p(f a, f a) = r 0 , we get that p(a, f a) = r 0 , which implies that p(a, a) = r 0 (since r 0 ≤ p(a, a) ≤ p(a, f a) ). Consequently, by condition (sep), we have f a = a, i.e., a is a fixed point of f .
On the other hand, if (X, p) is a strong generalized partial metric space, then it follows from p(a, f a) = p(f a, f a) and condition (sssd) that f a = a.
Thus, in both cases, we obtain that a is a fixed point of f .
As an immediate corollary of Theorem 5.2 and Corollary 4.4, we get our third theorem.
Theorem 5.3. Let (X, p) be a generalized partial metric space, f : X → X be a nonexpansive map, and x 0 ∈ X be an element such that its orbit (f n x 0 ) n∈ω under f is a Cauchy sequence in (X, p) with a special limit a ∈ X. Assume, in addition, that either (X, p) is bounded below by r 0 (for some r 0 ∈ R) with p(a, a) = r 0 , or (X, p) is a strong generalized partial metric space. Then a is a fixed point of f .
Generalizations
In this section, we state and prove three major generalizations of Theorem 1.6, using the theorems from the last section as our main tools. Before we start, we prove an important lemma which serves as a common denominator in the proof of all these generalizations. Lemma 6.1. For each generalized partial metric space (X, p), element x 0 ∈ X, real number r ∈ R, and map f : X → X orbitally r-contractive at x 0 , the orbit (f n x 0 ) n∈ω of x 0 under f is a Cauchy sequence in (X, p) with lim m,n→∞ p(f m x 0 , f n x 0 ) = r.
Proof. Since f is orbitally r-contractive at x 0 , there is −1 < c < 1 such that
Now, for any n, k ∈ N, we have
Taking the limit as n → ∞, the right hand side of the above equation goes to r, since
and hence (f n x 0 ) n∈ω is Cauchy.
Now we state our first major generalization.
Theorem 6.2. Let (X, p) be a generalized partial metric space and r ∈ R. Assume • (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or • (X, p) is a strong generalized partial metric space. Then for each non-expansive and orbitally r-contractive map f : X → X such that (X, p) is orbitally complete for f , there exists a ∈ X such that f a = a and p(a, a) = r.
It is easy to see that Theorem 6.2 is an immediate corollary of the following theorem, Theorem 6.3. Also, note the two main differences between Theorem 6.2 and Theorem 1.6: first, by generalizing the notion of partial metric spaces we have achieved p(a, a) = r instead of p(a, a) = 0; and second, by relaxing the restriction on f we have lost the uniqueness of a fixed point. Theorem 6.3. Let (X, p) be a generalized partial metric space and r ∈ R. Assume
• (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or • (X, p) is a strong generalized partial metric space. Then for each x 0 ∈ X and map f : X → X such that f is non-expansive and orbitally r-contractive at x 0 , and (X, p) is orbitally complete for f , there exists a ∈ X such that f a = a and p(a, a) = r.
Proof. By Lemma 6.1, the orbit (f n x 0 ) n∈ω of x 0 under f is a Cauchy sequence with lim m,n→∞ p(f m x 0 , f n x 0 ) = r. Since (X, p) is orbitally complete for f , there is an element a ∈ X such that a is a special limit of (f n x 0 ) n∈ω . By Definition 1.4, we have
By Theorem 5.3 then, we have f a = a, i.e., a is a fixed point of f .
We are now ready to prove Theorem 1.9. Because of Theorem 6.2, it suffices to prove uniqueness in the very special case when the space (X, p) is bounded below by 0, and f is contractive on the whole universe. Suppose a, b ∈ X are two fixed points of f . Then In view of Theorem 5.2 and Theorem 5.1 respectively, one can then very similarly prove the following two generalizations. We leave the details to the reader. • (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or • (X, p) is a strong generalized partial metric space. Then for each x 0 ∈ X and map f : X → X such that f is orbitally continuous at x 0 and orbitally r-contractive at x 0 , and (X, p) is orbitally complete for f , there exists a ∈ X such that f a = a and p(a, a) = r.
Theorem 6.5. For each generalized partial metric space (X, p), element x 0 ∈ X, real number r ∈ R, and map f : X → X such that f is non-expansive, orbitally continuous at x 0 and orbitally r-contractive at x 0 , and (X, p) is orbitally complete for f , there exists a ∈ X such that f a = a and p(a, a) = r.
Applications
In this section, we apply our main results to give alternate proofs to two other known fixed point theorems [5, 2] in the special case when the underlying space is a strong partial metric space. In this context, we see that the use of Theorem 5.2 makes the proofs of these theorems shorter, cleaner and more standardized. We start with the following theorem.
Theorem 7.1. Let (X, p) be a strong partial metric space and f : X → X be an orbitally continuous map such that (X, p) is orbitally complete for f . If f satisfies min{p(f x, f y), p(x, f x), p(y, f y)} ≤ c p(x, y) for some 0 < c < 1 and all x, y ∈ X, then the sequence (f n x) n∈ω converges to a fixed point of f with self distance 0, for every x ∈ X.
Proof. Pick any x 0 ∈ X. We first show that f is orbitally 0-contractive at x 0 : consider the orbit (f n x 0 ) n∈ω of x 0 under f . Set x n := f n x 0 , for n ∈ ω. If p(x n , x n+1 ) = 0 for some n, then x n = x n+1 , and consequently, x m = x n for all m ≥ n. Hence, we have got our result. So assume without loss of generality that p(x n , x n+1 ) = 0 for all n ∈ ω. Letting x = x n and y = x n+1 in the given condition for f , we get
which is absurd. Hence, min{p(x n+1 , x n+2 ), p(x n , x n+1 )} = p(x n+1 , x n+2 ), and therefore,
We have thus shown that f is orbitally 0-contractive at x 0 . By Lemma 6.1 then, the sequence (f n x 0 ) n∈ω is Cauchy in (X, p). Since (X, p) is orbitally complete for f , there exists a ∈ X such that a is a special limit of (f n x 0 ) n∈ω . Since f is orbitally continuous, it is orbitally continuous at x 0 for the limit a. Since (X, p) is a strong partial metric space, it follows by Theorem 5.2 that f a = a and p(a, a) = 0. Since x 0 is arbitrary, we get that (f n x) n∈ω converges to a fixed point of f with self distance 0, for every x ∈ X. Now we give our second application.
• (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or • (X, p) is a strong generalized partial metric space.
Then for each x 0 ∈ X, continuous and non-decreasing function φ : [r, ∞) → [0, ∞) with φ(r) = 0 and φ(t) > 0 for all t > r, and map T : X → X such that T is non-expansive and orbitally φ r -contractive at x 0 , and (X, p) is orbitally complete for T , there exists a ∈ X such that T a = a and p(a, a) = r.
Proof. Set x n+1 := T x n . Notice that, if x n = x n+1 for any n ≥ 0, then obviously T has a fixed point. Thus, suppose x n = x n+1 for any n ∈ ω. Since T is orbitally φ r −contractive at x 0 , we have
Set t n := p(x n+1 , x n ). Then one obtains
This implies that (t n ) n∈ω is a non-increasing sequence of real numbers bounded below by r, and hence converges to some L ≥ r. We claim that L = r : otherwise L > r, and hence φ(L) > 0. Since φ is non-decreasing, we get φ(L) ≤ φ(t n ) for all n ∈ ω. Due to (1), we have t n+1 ≤ t n − φ(t n ) ≤ t n − φ(L), and so
Inductively we obtain t n+k ≤ t n − kφ(L), which is a contradiction for large enough k ∈ ω. Thus, we have φ(L) = 0, and hence L = r. Consequently, lim n→∞ p(x n+1 , x n ) = r. Now we show that (x n ) n∈ω is a Cauchy sequence in (X, p). For this purpose, define s n := sup{p(x i , x j ) | i, j ≥ n}. It is clear that the sequence (s n ) n∈ω is also non-increasing and bounded below by r, and hence converges to some s ≥ r. We claim that s = r : otherwise s > r and φ(s) > 0. Fix any 0 < ǫ small enough (ǫ < s − r 3 works). Then there is a natural number N such that p(x n+1 , x n ) < r + ǫ and s n < s + ǫ for all n ≥ N.
By the definition of s N +1 , there exist integers m 0 , n 0 ≥ N + 1 such that
Because of condition (ptri) and the fact that m 0 − 1, n 0 − 1 ≥ N, we observe that
< (r + ǫ) + p(x m 0 −1 , x n 0 ) − r = p(x m 0 −1 , x n 0 ) + ǫ .
Combining this with (3), we get that s − 2ǫ < p(x m 0 −1 , x n 0 ). But then, by similar arguments, we get s − 2ǫ < p(x m 0 −1 , x n 0 ) ≤ p(x m 0 −1 , x n 0 −1 ) + p(x n 0 −1 , x n 0 ) − p(x n 0 −1 , x n 0 −1 ) ≤ p(x m 0 −1 , x n 0 −1 ) + (r + ǫ) − r =⇒ s − 3ǫ < p(x m 0 −1 , x n 0 −1 ). (4) Using (4) , and the facts that T is orbitally φ r −contractive at x 0 and φ is non-decreasing, we thus have p(x m 0 , x n 0 ) = p(T x m 0 −1 , T x n 0 −1 ) ≤ p(x m 0 −1 , x n 0 −1 ) − φ(p(x m 0 −1 , x n 0 −1 )) ≤ p(x m 0 −1 , x n 0 −1 ) − φ(s − 3ǫ) ≤ s N − φ(s − 3ǫ). (5) Note that φ(s − 3ǫ) is defined because by our choice of ǫ, we have r < s − 3ǫ. Combining (2) , (3), (4) and (5), we then get that s − ǫ ≤ s N +1 − ǫ < s N − φ(s − 3ǫ) ≤ s + ǫ − φ(s − 3ǫ) =⇒ −2ǫ < −φ(s − 3ǫ) =⇒ φ(s − 3ǫ) < 2ǫ .
Since this holds for every ǫ small enough, and since φ is continuous and nonnegative, by taking the limit as ǫ → 0, we then get that φ(s) = 0, which gives the required contradiction. Thus, φ(s) = 0, and hence, s = r.
By the definition of s n 's, it then follows that r ≤ lim m,n→∞ p(x m , x n ) ≤ lim n→∞ s n = s = r, and hence, the sequence (x n ) n∈ω is Cauchy with lim m,n→∞ p(x m , x n ) = r. Since (X, p) is orbitally complete for T , there exists a ∈ X such that a is a special limit of (x n ) n∈ω . By Definition 1.4, we have p(a, a) = lim m,n→∞ p(x m , x n ) = r.
Finally, since T is non-expansive and (X, p) is a strong generalized partial metric space, Theorem 5.3 implies that T a = a, i.e., a is a fixed point of T . The same theorem also implies that we get the same result in the case when (X, p) is a generalized partial metric space bounded below by r 0 (for some r 0 ∈ R) and r = r 0 .
Using Theorem 5.2 and Theorem 5.1 respectively, in place of Theorem 5.3, in the above proof, one can then prove the following generalizations of Theorem 8.2. Theorem 8.3. Let (X, p) be a generalized partial metric space and r ∈ R. Assume • (X, p) is bounded below by r 0 (for some r 0 ∈ R) and r = r 0 ; or • (X, p) is a strong generalized partial metric space.
Then for each x 0 ∈ X, continuous and non-decreasing function φ : [r, ∞) → [0, ∞) with φ(r) = 0 and φ(t) > 0 for all t > r, and map T : X → X such that T is orbitally continuous at x 0 and orbitally φ r -contractive at x 0 , and (X, p) is orbitally complete for T , there exists a ∈ X such that T a = a and p(a, a) = r.
Theorem 8.4. Let (X, p) be a generalized partial metric space, x 0 ∈ X be an element, r ∈ R be a real number, and φ : [r, ∞) → [0, ∞) be a continuous non-decreasing function with φ(r) = 0 and φ(t) > 0 for all t > r. Let T : X → X be a map such that T is non-expansive, orbitally continuous at x 0 and orbitally φ r −contractive at x 0 , and (X, p) is orbitally complete for T . Then T has a fixed point a ∈ X with p(a, a) = r.
